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■ Abstract 

\ Simple deformations, with a parameter e, of classical iti-matrices which follow from 

CN ' decomposition of appropriate Lie algebras, are considered. As a result nonstandard Lax 

representations for some well known integrable systems are presented as well as new 
integrable evolution equations are constructed. 
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1 Introduction 



>• I In the theory of nonhnear evolutionary systems one of the most important problems is con- 



struction of integrable systems. By integrable systems we understand those which have infinite 
O ■ hierarchy of commuting symmetries. It is well known that a very powerful tool, called the 
^ classical i?-matrix formalism, can be used for systematic construction of field and lattice in- 
ly-^ . tegrable dispersive systems (soliton systems) as well as dispersionless integrable field systems 
O I (see P-|in] and the references there). 

C I The crucial point of the formalism is the observation that integrable systems can be 

obtained from Lax equations. Let g be a Lie algebra, equipped with the Lie bracket [■,■]. A 
linear map R : g ^ g, such that the bracket [a, b]R := [Ra, b] + [a, Rb] is a second Lie product 
on g, is called the classical i?-matrix. Assume that R satisfies an Yang-Baxter equation YB{a): 
rS I [Ra, Rb] — R[a, b]R + a[a, b] = 0, which is a sufficient condition for R to be an i?-matrix. Then, 
\ powers of L generate mutually commuting vector fields 

L,„ = [i?(L"),L]. (1) 

For fixed n the remaining systems are considered as its symmetries. In this sense (P) represents 
a hierarchy of integrable dynamical systems. 

In this article the deformation method for systems (^, preserving the integrability, is 
presented. It has been done on the level of their Lax representations through simple defor- 
mations, with parameter e, of classical i?-matrices. It is shown that such a procedure leads to 
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the construction of nonstandard Lax representations for some well known integrable systems 
as well as to the construction of new integrable evolution equations. 

2 Deformations of standard i?-matrices 

To construct the simplest /^-structure let us assume that the Lie algebra g can be split into 
a direct sum of Lie subalgebras 0+ and 0_, i.e. g = g+ © 0_, where [q±, g±] C g±. Denoting 
the projections onto these subalgebras by P±, we define the /2-matrix as 

R = \{P^-P-). (2) 

Straightforward calculation shows that (j21) solves YB(i). The classical i?- matrices constructed 
in this way we understand as standard ones. 

Let us consider the following deformation of (j21) 

R!{a) = R{a) + er{a) (3) 

where e is an arbitrary constant playing the role of a deformation parameter and r is a linear 
deformation operator. First, assume that r satisfies the following two relations 

[ra, 6+] G 0+ [ra, b-] Eg- a e g, b+ e g+, 6- G 0_. (4) 

So, the question arises when the deformed R preserves the property of being i?-matrix. Once 
again, straightforward calculation shows that Q solves YB(i) when the following condition 
is fulfilled 

r [a, b]j^ + er [a, b]^ — e [ra, rb] = (5) 
where [a, b]r = [ra, b] + [a, rb]. 



3 Dispersionless systems 

Let A be the algebra of formal Laurent series (Lax polynomials) in p jS] 

A=Il = Y,u.{x)A (6) 

I i€Z J 

where the coefficients Ui{x) are smooth functions of x. Poisson brackets on A can be introduced 
in infinitely many ways as 

Then, fixing s, A is the Poisson algebra with an appropriate bracket ((Zj). We construct 
the standard i?-matrix, through a decomposition of A into a direct sum of Lie subalgebras. 

For a fixed s let A^^s+k = {Y.i^-s+k'^ii^)P'} ^"^^ A^-s+k = {Y.i<-s+k^ii^)P'}- Then, 
v4<_s+fc are Lie subalgebras in the following cases: 



1. 


s = 0, 


A; 


= 0, 


2. 


sez, 


A; 


= 1,2 


3. 


s = 2, 


k 


= 3. 



So, fixing s we fix the Lie algebra structure with k numbering the standard i?-matrices given 
in the following form 
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R = i^{.Pr^-s+k - P<-s+k) = P^-s+k ^ 2 ^ 2 ~ -^<-*+'= 

where P are appropriate projections. The Lax hierarchy can be represented by two 
equivalent representations 

L,, = {{L'^h-s+k, L}^ = - {(L^)<-.+fe, L}, . (9) 

Notice that different schemes are interrelated. Under the transformation 

x' = X p' = p'^ t' = t (10) 

the Lax hierarchy defined by k, s and L transforms into the Lax hierarchy defined by 
k' = 3 — k, s' = 2 — s and L' = L, i.e. 

L for k, s L' = Lior k' = 3-k, s' = 2-s. (11) 

In such a situation it is enough to consider the cases of = and k = 1. 

We are interested in extracting closed systems for a finite number of fields. To obtain a 
consistent Lax equation, the Lax operator L has to form a proper submanifold of the full 
Poisson algebra A, i.e. the left and right-hand sides of expression (jUj) have to coincide. They 
are given in the form [7j 

s = 0, A; = 0: L = p^ + Un^2P^'^ + u^.^p^"^ + ... + u^p + Uo (12) 
seZ, k = l : L = p^ + UN-ip''-^ + ... + Mi-^p'"™ + u^mP'"" (13) 

where Ui are dynamical fields. Notice, that powers of L, in general fractional, can be calculated 
by expanding them around poles, for (fT^ around oo and for (fT!?|) around oo and 0. So, for 
A; = we construct one Lax hierarchy and for A; = 1 we construct, in general, two mutually 
commuting Lax hierarchies. 

We are looking for a simple deformation of (jHl) in the form 

r = p^Pp Pp{L) = [L]^ = up (14) 

which will satisfy and (0) for arbitrary e. By some straightforward calculations, we find 
them in the form 

1. s = 0, A; = 

r = p~'+^Pk.^ for <! 2. s = 0, A; = 1 (15) 

3. s = 1, A; = 1 



and 

{4. s = 1, A; = 2 
5. s = 2, A; = 2 (16) 
6. s = 2, A; = 3 

We see that deformations of (jH)) given by the form (jn)). p4|) exist only for distinguish values of 
s and k. Nevertheless, for particular fixed values of e and fixed s (i.e. fixed Lie algebra) there 
exist other deformations of the form ()14|1 . but they are trivial in the sense that they relate 
standard i?-matrices (jHI) with different k. Moreover, deformations ()16p are constructed from 
()15|) by using transformation ()10llll|) . Hence, the only relevant deformations are ()15|) and so 
further we will consider only them. The deformed i?-matrices for the cases in (fT3j) take the 
form 

B = - i + .p-'ft-. = \ - P<-.« + .p-'ft-.. (17) 

The case: s = 0, A; = 0. 

The Lax hierarchy for a deformed i?-matrix is 

Lt, = {{L^ho + e [L^U ^L}, = - {iL'^)<o - e , L]^ . (18) 

Consistent Lax equations are obtained for Lax operators of the form 

L = p^ + un-iP^~^ + un-2P^~^ + ... + uip + uo (19) 
where Ui are dynamical fields. From (fTH|) it follows that 

iuN-2)t, = NilL^U), - e(iV - l)iz^_i([L'']_i)x (20) 



So, for e = the field u^-i becomes time- independent and without loosing generality we can 
assume that it is zero. Then, Lax operator becomes a standard Lax operator (|T^ for the 
case with non-deformed i?-matrix. From (j^UI) the following relation between MAr_i and MAr_2 
results 

un-2 = --un-1 + 2A^ i'^N-i) (21) 

so we can eliminate one of them. Eliminating Uiv_2 we will consider constrained Lax operator 
in the form 

L = p^' + UN-ip''-^ + (--^UN-i + P^~^ + ^^-aP"^"' + - + uip + uo. (22) 



Reparameterizing (j22|) : ujy^i — e'UAr-2 and then taking the limit e — > it becomes the 
standard Lax operator (fT2j) . 



Lemma 3.1 For arbitrary e the Lax hierarchy fjl8p . (j^^ ^s equivalent to the Lax hierarchy 
with s = k = 0. 

The sketch of the proof is as follows. We are looking for transformations that will relate fields 
from p2|l and fields from ()12|1 . We postulate the following form of these relations: 



Ui^Ui + fi{uN-2,UN-3,---,Ui+i) for N - 3 ^ i ^ 0. 

Then, we construct functions in such a way, that hierarchy ()18|) will lead to the same 
evolution system as Q for s = k = 0. We compare the first non-trivial systems from these 
hierarchies. Functions are recursively constructed comparing evolution expressions for 
■Uj+ij. Such a procedure guarantees that the expressions for the fields will be the same only 
for components UN-2ti ■■■,uit- So, the equality between both evolution expressions for uq has 
to be argued. The systems for Lax operators (fT^ and both can be understood as the 
reduction of infinite- field systems for Lax operators of the form L' = aip + Uq + a_ip~^ + 
given by constraint L = L'^ . The equivalence between the hierarchies considered, constructed 
from L', can be shown by explicit infinite recurrence form ()23|1 . Now, reducing them to finite- 
field systems one finds the appropriate transformation between finite-field systems, including 
the evolution for uq. So, the Lax hierarchy (fTH|) . ()22|l is a new representation of well known 
integrable dispersionless hierarchies. The form of transformation ()23|) , related both systems, 
guarantees that it is an invertible transformation. 

Example 3.2 Dispersionless KdV: N = 2. 

For L = + up + V and Lt- = {(L2)^q + e[L2]_i^ L}q we find 

u\ ( \^uUx — eVx 



^Ju \\{(^u-2){uu^-2v^ 



il \4 



-^t{u^ -Av){uu^-2v^) ^ (24) 
t3 v-^^(^^~2)(m2-4v)(mm^-2v^) 



In the limit e — > and u = it becomes the standard dispersionless KdV hierarchy. Notice, 
that fields u and v are not independent. According to (1211) v = —^u + jv? and the hierarchy 
()24|) is equivalent to the one 

3 , , 

ut^ = Ux uts = -—uux .... (25) 

i.e. reparameterized dispersionless KdV. The transformation to the standard form of disper- 
sionless KdV is given byu^ —en. The hierarchy ()25|) is generated from L = p^+up+^v?—^u. 

Example 3.3 Dispersionless Boussinesq: N = 3. 

Here we present only the result for the constrained Lax operator ()22j) L = p^ + up^ + 
— \u) p + w. Then, the first nontrivial system from the hierarchy is 



Lt, = <{ Ls 







-,■'1 


) +^ 


Li" 













u\ _ f "^{eu — Q)uUx — 2eWx 

^ J t2 Vs^'-^^ ~ 3){eu{eu — 9) + Q)^^^; — |(eM — Q)uw^ 



Eliminating the field w we obtain the reparameterized dispersionless Boussinesq: Uu = ^{u'^)xx- 
The transformation (f23|l to the standard form of the dispersionless Boussinesq system is given 
by: u —eu, w v-^ w — ^ev? — ^e^v? . 

The case: s = 0, A; = 1. 

The Lax hierarchy for the deformed i?-matrix (fTTj) is 

K = {(L'hi + e [LXp, L}, = - {(L^)<i - e [LXp, L}„ . (26) 
Appropriate Lax operators are of the form 

L = Unp"" + UN-IP""-^ + ... + U^.mP'-'^ + M-mP"'". (27) 

From (pUj) one finds that {uM)t = e{u]\r)x:[L'']Q — eNu]\f{[L'^]Q)x- Hence, in the hmit of e = 
the field becomes a time-independent field c^- Fixing cat = 1 the Lax operator becomes 
a standard Lax operator (|T3|) for s = 0, k = 1. Moreover, there is no constraint contrary to 
the previous case. Hence, the Lax hierarchy (j?fj) . (j^?)|) leads to new integrable dispersionless 
systems, at least to the best of our knowledge. Notice that the zero power of L always leads 
to the space translation symmetry: Lf^ = eL^. 

Example 3.4 Extended dispersionless Benney: N = m = 1. 

Let L = up + V + wp~^ , then for Lt^ = {(L*)^i + e[U]op, L}o we find 



to 




t2 



eu^v — euVx 
uvx + evVx 
yU^w + uwx + eVxW + evWx 

eUxV^ — 2euvVx — 2eu^Wx 
2uUxW + 2uvVx + 2u^Wx + ev'^v^ + 2euVxW 
^2uxVW + 2uVx'w + 2uvWx + 2eUxw'^ + 2evVxW + ev'^w^ + ieuwWx, 



In the limit e —>■ and u = 1 we obtain the standard dispersionless Benney system. 

Example 3.5 Two field system: N = 0,m = 1. 

Consider L = v + wp~^. Then [L*]o = and {L^)^i = for i = 0, 1,2, ... . Hence we 
obtain the system 



which does not have any standard counterpart. 



The case: s = 1, A; = 1. 

The Lax hierarchy is 

\ = {{L^ho + e [L\ ,L}, = - {{L'^U - e [L\ , L}^ (29) 
and appropriate Lax operators take the form 

L = ump"" + UN-ip""-' + ... + ui^^p'-^ + u.mp-'^. (30) 
From (Uni) it follows that 

(wAr)i = -eNuNi[L'^]o)x ... (M-m)t = (1 + e)mu_rni[L'^]o) x- (31) 
So, we find that the highest and lowest fields are related by 

a+e)m _ eN 
"at — LL-m ■ 

For e = the field un becomes a time-independent field cat (let cat = 1), then the Lax 
operator (|Hn|l becomes a standard Lax operator ()13|1 for s = k = 1. For e = — 1 the field 
U-m becomes time-independent and the Lax operator becomes a standard Lax operator for 
s = l,k = 2. This last case follows from the fact that for s = 1,A; = 1 and e = — 1 the 
deformed i?-matrix (^7j) becomes the standard i?-matrix (jHJ for s = 1, A; = 2. Eliminating 
field the Lax operator takes the form 



L = uj^^'^'-p^ + UN^^p''-' + ... + ui.^pi-'" + u.^p-"^ (32) 

In the limit e — * it becomes the standard Lax operator (fT!^ for s = k = \. 

Lemma 3.6 For arbitrary e, the Lax hierarchy pn|l . ()3()|l is equivalent to the Lax hierarchy 
with s = k = l. 

To show this let us make the following transformation 

Ui 1-^ UiU^ p t— > Uj^^ p for N — \ ^ i > —m. (33) 

The Poisson bracket (0) for s = 1 is invariant under (jHS)). Moreover, the Lax operators (pn|) 
transform into (fT!^ one. Then, after the transformation of coordinates ()33|1 we get 

Lt^ Lt + ^uJj^{uN)tpLp Lt-e {[L\)^pLp = Lt + {e [L\ , L}^ . 

Hence, the hierarchy ()29p turns into one with s = k = 1. 

Example 3.7 Extended dispersionless Toda: N = m = 1. 

For Lax operator L = up + v + wp~^ from Lt^ = {(L)^o + e [-^]o ; -^}o we find 

—euVx 

[I + e]v^w , 



In the limit e = and u = 1 we obtain the standard dispersionless Toda system. In the 
limit e = — 1 and w = 1 we obtain the reparameterized dispersionless Toda system. The 
transformation to the standard case is given by: v ^ v, w ^ u^^w. Eliminating field u, 
for L = w~~p + V + wp~^, we get 

( TT^^"^«^x\ 
V (1 + e)v^w J ■ 

For e = or by the transformation: v ^-^ v , w ^ w^'^^ it becomes the standard dispersionless 
Toda system. 

Notice that for some dispersionless systems it is possible to construct their integrable 
dispersive counterparts: field and lattice soliton systems. Actually, one can do it on the level 
of their Lax representation through Weyl-Moyal like deformation quantization procedure ITU] 
of dispersionless case. The idea relies on the deformation of the usual multiplication in A (jHI) 
to the new associative but non- commutative product 

f^g = fexp {hfd, 0d,)g = J2j if^T f ' ^Ig f.Q^A (34) 

called ^-product. It depends on the formal deformation parameter h. The Lie algebra struc- 
ture is defined by the commutator {/, f?}^ = ^{f * 9 ~ 9 f)- Then, the ^-product (jH^ in 
the limit ^ — >■ reduces to the standard multiplication and the commutator reduces to the 
Poisson bracket (|7j) for fixed s. To construct integrable dispersive systems one has to split the 
algebra A with the ^-product into a direct sum of its Lie subalgebras and then construct the 
standard i?-matrices. It can be done only for s = 0, 1, 2. But, the case s = 2 is equivalent to 
the case s = 0. The algebra A with ^ir-product ()34j) for s = is isomorphic to the Lie algebra 
of pseudo-differentials operators (jSSl), while for s = 1 is isomorphic to the Lie algebra of shift 
operators (P7|) {S = exp Hd^). The first case leads to the construction of field soliton systems, 
and the second one leads to the construction of lattice soliton systems. Obviously, integrable 
dispersionless systems can be constructed from integrable dispersive systems in the so-called 
quasi-classical (dispersionless) limit: dt ^ hdt,dx ^ hdx and h^Q. 




4 Field soliton systems 

Let Q be the algebra of pseudo-differential operators j2] 

Q=\L = Y,n,{^)d{\ (35) 

where the multiplication of two such operators uses the generalized Leibniz rule d^u = 
J2s>o Cs)'^sxd^~^ ■ The Lie algebra structure of g is given by the commutator [Li,L2] = 
L1L2 — L2L1. We consider decomposition of g in the form A-^^ = {J2i>k'^i(^)^x} = 
{L = J2i<k'^i(^)^x}y "which are Lie subalgebras for k = 0,1,2. In this cases the standard 
/^-matrices are given by 

R = ^{P^k - P<k) = P^k - o = o - P<k- 



So, the Lax hierarchy has the form 

L,, = [(L'')^,,L] = -[(L«)<fc,L]. (36) 

Consistent Lax equations are obtained for Lax operators of the form [3] 

k = 0: L = + UN_2d^-^ + ... + uA + Uo (37) 

k = l: L = d!^ + UN-id^-^ + ... + Uo + d-\^i (38) 

k = 2: L = UNd^ + UN~id!^~^ + .■. + uo + d-\.i + d~\^2. (39) 



where Ui are dynamical fields. Comparing Lax operators ()37II39|) with those for the disper- 
sionless case fll2H13p for s = we see that not all dispersionless systems have dispersive 
counterparts. 

The simple deformations satisfying (jUlHI) are the following ones 

r = Pfc_i(.)a^' for A; = 0,1. 

Note, that the first case has been considered, in little bit different manner, earlier in 
Hence, the deformed i?-matrices have the form 

The case: k = 0. 

The Lax hierarchy is 

L,^ = [{L^U + e [L'^U ^L]=- [m<o - e [L'^U > L] (40) 
and the appropriate Lax operators are given in the form 

L = d!^ + UN-id^-^ + UN-2d^-^ + ... + uA + uo. (41) 
From ()4()|1 one finds 

{uN-i)t, = -eiV([L^]_i), 

{uN-2\ = NiiL^U), - e{N - l)iz^_i([L"]_0. - e ^^^~ ^\ [L%,)2, (42) 

Hence, for e = the field u^^i becomes time-independent cn-i one (let cn-i = 0), then Lax 
operator becomes a standard Lax operator (jHTj) . Expression (jl^ implies the relation between 
fields un-1, un-2 

1 N-1. .2 N-1. 

Un-2 = --UN-1+ [UN-I) H [UN-ljx- 

We eliminate the field un-2 and as a result the Lax operators take the form 

L = d^ + ur,-id^-'+(^--^UN-i + ^^{u^^.f + ^^(t^iv-i).) d!^~' + ... + Uo. (43) 

In the dispersionless limit fHHj) reduces to ((221) • Reparameterizing (jinj) : u^^i —eu]^_2 and 
then taking limit e — > we obtain the standard Lax operator (jHTf) . 
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Lemma 4.1 For arbitrary e the Lax hierarchy fl40|) . PHj) ^s equivalent to the Lax hierarchy 

We are looking for relations between fields from Lax operators and (jHTjl . respectively. 
They are given in the following form: 



UN-1 ^ -eUN-2 



for N -3>i>0. 



(44) 



The square brackets in (ji^ mean that functions fi, in opposite to the case (1221), depend 
not only on Ui, but also on the derivatives {ui)x,{ui)xx,--- ■ Functions fi are constructed in 
such a way that hierarchy (jin|) will lead to the same evolution system as hierarchy for 
A; = 0. Argumentation that this equality indeed holds is of the same nature as in Section 3 
the paragraph s = k = 0. 

Example 4.2 KdV: N = 2. 

For the constrained Lax operator ()43p of the form L = d"^ + ud^ + — + ^u^ we find 
reparameterized KdV: 



L 









'(lI) +e 


Li" 


_V / ^0 




-1 



Ut 



3 - -^Usx - —UUx. 



The transformation to the standard form of KdV is given by u \—>- —eu. 



Example 4.3 Deformed Boussinesq: N = 3. 
Let L = dl + u&l + {^u^ — \u + Ux) dx + w th 



en 



^t2 
Wt2 



lI 



Li 



L 



-1 



-\uux - U2x + j:eu^Ux + '^eul + \euu2x + ^e^sx - Sezi;^; 



2 82 2 2 4 2 80 14 2 

UUx H U Ux H U^ H UU2x H ^Sx u u uu^. 

3e 9e 3e 3e 3e 27 9 



10 



14 



4 

+ -UWx - —U^U2x - -UxU2x + W2x - —UU^x - -U^x + —^W^Ux 

o y o y o oi 



4 



4 



+ — et/ + - ^f^x - -eUxWx + —eu U2x + -euUxU2x 



10 



10 



+ ^e^L - '^(^uw2x + ^(^u^usx + yett^tts^. - -ew^x + ^euu^x + ^eu^x- 



Eliminating the field w we obtain reparameterized Boussinesq: 



2 „,2 1 



-U" - T,Uxx] 



The 



transformation ()44j) to t/ie standard form of the Boussinesq system is given by: u ^— —eu, 
w ^ w — |eti^ — ^e^w'^ + \e'^uUx — \eu2x- 



The case: k = 1. 

The Lax hierarchy becomes 

L,, = [(L^)^i + 6 [L^]o a., L] = - [(L^)<i - 6 [L^]o a.., L] 



(45) 



and the appropriate Lax operators have the form 

L = UNd^ + UN-id^-^ + ... + + d-\.i. (46) 

From one finds that {u^)t = e{uiy)x[L'^]o — ^Nu]y{[L'^]Q).j.. Hence in the hmit e = the 
field ujy becomes a time-independent cat one, (let cat = 1), then Lax operator becomes a 
standard Lax operator ()46p . There is no constraint contrary to the previous case. The Lax 
operators (flKjl with lead to the construction of new integrable soliton systems, at least 
to the best of our knowledge. Again the zero power of L always leads to the space translation 
symmetry: Lt^ = eL^. 

Example 4.4 Extended Kaup-Broer: N = 1. 

Let L = udx + V + d~^w, then for Lt- = [(i^*)^i + e[U]odx, L] we find 




euvl 



eUxV — euVx 

UxW + UWx + eVxW + evwxj 
eUxV^ — 2euvVx — 2eu^Wx — €U^V2x 

2uUxW + 2uVVx + 2u^Wx + UUxVx + U^V2x + ^v'^Vx + 2eUVxW + 
2UxVW + 2uVxW + 2uVWx — U^W — 3uUxWx — UU2xW — U^W2x + 2eUxw'^ 

+ 2evVxW + eUxVxW + ev'^Wx + AeuwWx + euVxWx + euv2xW 



It is dispersive counterpart of the hierarchy from Example \3.4\ In the limit e — > and u = 1 
we obtain the standard Kaup-Broer system. 

Example 4.5 Two field system: N = 0. 

For L = V + wd~^ we have [L^]o = and {L'^)^i = 0, where i = 0, 1,2, ... . Then, we 
obtain for Lt- = [e[L'^]Qdx , L] again the dispersionless hierarchy 



5 Lattice soliton systems 

Let Q be the algebra of shift operators P 

g=lL = J2^^i^)£'\ (47) 
I iez J 

where S is the shift operator such that S^u{x) = u{x + m)S"^. The Lie algebra structure 
of g is given by the commutator [Li, L2] = L1L2 — L2L1. We consider simple decomposition 
of in the form A^k = {Si^fe^*^*} ^<k = {X]i<fc '"«^*}' "which are Lie subalgebras for 
k = 0,1. In these cases the standard i?-matrix is given by 

R = ^{P^k - P<k) = P^k - o = o - P<k- 



The Lax hierarchy is 

Lt^ = [(L'?)^,, L] = - [(L'')<fe, L] k = 0, 1. (48) 

Notice that these two cases are related by simple transformation S ^ S^^ and Ui{x — m) k-s- 
u^i{x + m). Then, k = goes to A; = 1 and vice versa. So, it is enough to consider only the 
first case. For A; = 0, the appropriate Lax operators are of the form [Oj 

L = S^ + un-i{x)S^-' + ... + + u_m{x)S-"'. (49) 

The powers of L are in general fractional and can be constructed in two ways: for = 
ttiS + ao + a^iS~^ + ... by requiring (Ln)^ = L and for Lm = ... + ai£ + Oq + a^i£~^ 
by requiring (L^)™- = L. Then, in fl48p we use and for i = 0,1,2... . The Lax 
hierarchies P8|l for A; = 0, 1 are dispersive counterparts of the dispersionless hierarchies (jHI) 
for s = 1, k = 1 and s = 1, k = 2, respectively. 

The simple deformations satisfying are of the form 

A; = 0, 1 : r = Pq. 

But for the same reason as above it is enough to consider the case k = 0. 

The case: k = 0. 

The deformed i2-matrix is given by 

R = P;,o-l + ePo = ^-P^o + ePo. 
Hence 

L,^ = [{L^U + e [LX , ^] = - [(^^)<o + e [1% , L] . (50) 
The appropriate Lax operators are of the form 

L = un{x)S^ + un-i{x)S^~' + ... + Mi_„(x)£i-'" + u_m{x)S~'^. (51) 
From ()5()|1 it follows that 

UM{x)t = eu^ix) (1 - E^) [L'^]o ... u.m{x)t = (l + e)w_„(x) (l - E'^) [L«]o. (52) 
As a result we find that the highest and lowest field are interrelated in the following way 

Un{x) _ Z' U-m{x) Y ^^2^ 



un{x — m) J \U-m{x + A^) 

For e = the field ujq becomes a time-independent c^v one, (let c^v = 1), then the Lax operator 
()5H1 becomes a standard Lax operator pHj) for A; = 0. For e = — 1 the field u^rn becomes 
time- independent and the Lax operator becomes a standard Lax operator for A; = 1. It is so, 
because for A; = and e = — 1 the deformed i?- matrix becomes the standard i?-matrix for 
A; = 1. 



Lemma 5.1 For arbitrary t, the Lax hierarchy fj50|) . ()51|) is equivalent to the Lax hierarchy 
fork = 0. 

Consider the following transformations: 



Ui{x) 



for N -l>i>0 



a{x)a{x+l)- ...■a{x+i—l) ^ (54) 

"^Sj) = { Uo{x) for i = 

Ui{x)a{x — l)a(x — 2) • ... ■ a(x — i) for > z > — m 

and t' = t, where a{x) is given by the following relation 

un{x) = a{x)a{x + 1) ■ ... ■ a{x + — 1). (55) 

It transforms the Lax operators (|3T|) into the Lax operators with u[{x) components. 
From ()54|) it follows that 

{£'')^ = U,{lna{x))^S" (56) 

where 

{1 + E+ ... + E'-^ for i^l 

for z = . 

-E-^ - E-^ - ... - E' for i ^ -1 

One finds also from that 

(Ina(x)), = (n^)-^ (In^^(x)), '^J^ e(n^)-^ (l - i?^) [L%. 
Then, using relation (1 — E^)Iii = (1 — E^)Ii]^ which is valid for arbitrary N,i > 0, we have 

L, = L,+ Y, <i^) (^'0, Lt' + ef^ <i^) (1 - E"") I^^ {Hn)-' [lV 

i=—m i=—m 
N 

= L,+eY, (1 - E') [LV' = L, + [e [L\ , L] 

i=—m 

where u'j^{x) = 1. Hence, the hierarchy ()50|) becomes ()48|) one with A; = 0. 

Example 5.2 Extended Toda: k = 1. 

For the Lax operator L = u{x)S + v{x) + w{x)S^^ and Lt^ = [{L)^q + e[L]o, L] we find 

'u{x)\ I —eu{x)[v{x+l)—v{x)] \ 

^(^) = I u{x)w{x + 1) — u{x — l)w{x) . (57) 
^w{x) j y(l + e) [v{x) — v{x — 1)] w{x) j 

Again, in the limit e and u{x) = 1 or by the transformation ()54|) .• v{x) i-^ v{x), w{x) i— >■ 
we obtain the standard Toda system. In the limit e = — 1 and w{x) = 1 we obtain the 
reparameterized Toda system. The fields u{x) and v{x) in (j57jl according to (j53|) are related 
by u{x — l)^"*"^ = ^y(a;)~^ 
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